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The interaction of dense plasmas with an intense laser under a strong external magnetic field has
been investigated. When the cyclotron frequency for the ambient magnetic field is higher than the
laser frequency, the laser’s electromagnetic field is converted to the whistler mode that propagates
along the field line. Because of the nature of the whistler wave, the laser light penetrates into dense
plasmas with no cutoff density, and produces superthermal electrons through cyclotron resonance. It
is found that the cyclotron resonance absorption occurs effectively under the broadened conditions,
or a wider range of the external field, which is caused by the presence of relativistic electrons
accelerated by the laser field. The upper limit of the ambient field for the resonance increases in
proportion to the square root of the relativistic laser intensity. The propagation of a large-amplitude
whistler wave could raise the possibility for plasma heating and particle acceleration deep inside
dense plasmas.
I. INTRODUCTION
Remarkable progress has been made in the generation
of an extremely strong magnetic field over kilo Tesla by
using high power lasers [1–5]. Laser plasma interaction
in such a field condition is now attracting much atten-
tion [6–9]. Existence of a strong field affects the laser-
generated high energy density plasmas by microscopic
energy transport and turbulence [10, 11] as well as by
macroscopic hydrodyanmics and instabilities [12–15]. To
understand those processes is quite important for the var-
ious applications such as particle acceleration [16], in-
ertial confinement fusion (ICF) [17–20], and laboratory
laser astrophysics [21].
In this work, we focus on the propagation of a whistler
wave in overdense plasmas. The electron cyclotron fre-
quency ωce for a kilo-Tesla field becomes comparable to
the laser frequency ω0. Here the critical field strength,
of which the cyclotron frequency equals ω0, is defined as
Bc ≡ meω0/e ≈ 10 (λ0/1µm)
−1 kT, where me is the
electron rest mass, e is the elementary charge, and λ0 is
the laser wavelength. The laser light can enter overdense
plasmas as a whistler wave when ωce > ω0, because the
cutoff frequency disappears. Furthermore, the whistler
wave has another unique aspect that is the cyclotron res-
onance with electrons [22]. These features have a crucial
meaning in laser plasma interaction, since the direct in-
teraction between a high intensity laser and overdense
plasmas could bring a new mechanism of efficient plasma
heating and particle acceleration.
Electron acceleration associated with whistler waves
have been studied in planetary magnetosphere plasmas
[23–25]. It should be noted that the strong field (ωce >
ω0) and overdense (ωpe > ω0, where ωpe is the plasma
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frequency) situations we are considering here is also ap-
propriate in the planetary plasmas. For example, in the
Jovian magnetosphere, ωpe/ω0 ∼ 50 and ωce/ω0 ∼ 10 for
a kHz whistler mode [25]. However, the essential differ-
ence would be the whistler wave’s amplitude when com-
pared with the external field strength. For ultra-intense
laser cases, the relativistic effects by the large-amplitude
wave could make substantial changes in the wave propa-
gation and energy conversion processes.
In this paper, we investigate the cyclotron resonance
caused by an external magnetic field while taking into
account the effects of relativistic electrons. Although
the topic has been widely studied [26–28], our particu-
lar goal is to reveal the influence of the laser intensity on
the resonance conditions for the field strength. Section
II presents analytical consideration for the derivation of
the resonance conditions in the interaction between an
intense laser and magnetized overdense plasmas. The va-
lidity of the predicted conditions is confirmed numerically
by a series of one-dimensional (1D) Particle-in-Cell (PIC)
simulations of Sec. III. In Sec. IV, we will discuss the
applications of the resonant properties of a ultra-intense
laser under a strong magnetic field.
II. DERIVATION OF RESONANCE
CONDITIONS
First, let us consider the cyclotron resonance con-
dition for a right-hand (R) circularly polarized (CP)
laser, that is, a large-amplitude whistler wave with a
frequency ω0 and a wavenumber k0. The relativistic
Doppler-shifted cyclotron resonance condition is given by
ω0 − kv‖ = ωce/γ, where k and v‖ are the wavenumber
and electron velocity along an external magnetic field
Bext of which the cyclotron frequency ωce = eBext/me,
and γ is the electron’s Lorentz factor. Concentrating on
2a case where the wavenumber is identical to that of the
incident whistler wave, k = k0, the condition is rewritten
as
ω0
(
1−
β‖
βφ
)
=
ωce
γ
, (1)
where β∗ ≡ v∗/c stands for the velocities normalized by
the speed of light c, and vφ = ω0/k0 is the phase velocity
of the whistler mode. This relation contains two impor-
tant factors which affect the resonance condition, namely
the Doppler shift and relativistic effects.
The second term of left-hand side of Eq. (1) originates
from the Doppler effect. The phase velocity vφ of whistler
waves in the electron density ne can be much smaller than
c,
β2φ ≈
(
ω2pe/ω
2
0
ωce/ω0 − 1
)−1
≪ 1 , (2)
in strongly magnetized overdense plasmas (ω0 < ωce ≪
ωpe). Here, ωpe = [e
2ne/(ε0me)]
1/2 is the plasma fre-
quency and ε0 is the vacuum permittivity. The relativis-
tic modification of dispersion relation for the whistler
branch will only change by a small factor [29], so that
this non-relativistic formula for vφ may not affect the
qualitative interpretation in the following discussion.
The resonant field strength is obtained as ωce/ω0 ≈
1 + (β‖ωpe/ω0)
2/3 from Eqs. (1) and (2) in the non-
relativistic limit of γ ≈ 1. The solution exists only for
the electrons traveling in the opposite direction of the
whistler wave, v‖vφ < 0. This relation determines the
resonant field strength as a function of the parallel veloc-
ity. Assuming v‖ is of the order of the thermal velocity
vth, it gives
B˜res ≈ 1 + β
2/3
th n˜
1/3
e , (3)
where B˜∗ ≡ B∗/Bc, n˜e ≡ ne/nc, and nc = ε0meω
2
0/e
2
is the critical density. This condition indicates a small
upper shift of the resonant field Bres from the critical
value Bc, of which the cyclotron frequency ωce = ω0. For
the underdense cases, ne ≪ nc, there is no gap from Bc
because of the fast phase velocity vφ ∼ c.
The relativistic effect in Eq. (1) can alter the reso-
nance condition much more significantly. After the laser
interaction, the electrons in dense plasmas moves mostly
perpendicular to the external field by gyration. Ignoring
the parallel velocity v‖ ≪ c, the resonance condition for
γ is given by γres ≈ ωce/ω0, or
γres ≈ B˜ext . (4)
On the other hand, the quiver energy accelerated by the
electric field E0 of the CP laser is about γq = (1+a
2
0)
1/2,
where a0 = eE0/(mecω
2
0) is the normalized vector po-
tential of the laser light and the intensity is given by
I0 = ε0cE
2
0 .
Only the laser-accelerated electrons that have acquired
a larger energy than γres can get a chance for the res-
onance, so that the required condition is expressed as
γq >∼ γres. Therefore, together with Eq. (3), the upper
limit of the resonant strength for Bext is summarized as
B˜upper ∼ max
{
1 + β
2/3
th n˜
1/3
e ,
(
1 + a20
)1/2}
. (5)
In the non-relativistic limit, the cyclotron resonance oc-
curs only at the specific condition of B˜ext = 1. However,
it turns out that the resonant condition has a wider range
when including the relativistic effect, which is stimulated
by the large-amplitude whistler wave.
III. VALIDATION BY NUMERICAL
SIMULATIONS
Next, we have tested this predicted condition, Eq. (5),
by performing a series of 1D collisionless PIC simula-
tions [30]. In this numerical experiment, the interaction
between a femto-second laser and a solid-density foil is
examined. A thin hydrogenic target with 1 µm thickness
is irradiated by a Gaussian-shape laser with 30 fs du-
ration at half maximum amplitude. The electron num-
ber density of the target is set to be constant n˜e = 151
(ne = 2.63×10
23 cm−3). For simplicity, the foil is in con-
tact directly with the vacuum without any preplasma.
The laser is assumed to be a RCP light traveling in
the x direction. The wavelength is 0.8 µm, so that the
critical magnetic field of this pulse is Bc = 13.4 kT. The
main pulse reaches the target at t ≈ 60 fs, and the simu-
lation runs until 1 ps. The laser intensity is varied from
weakly relativistic of I0 = 10
18 (a0 = 0.484) to strongly
relativistic 1021 W/cm2 (15.3). Collisionless approxima-
tions would be appropriate in this regime [31], while the
collisional absorption is dominant at the much lower in-
tensity [8, 32]. A uniform external magnetic field Bext
is applied along the laser propagation direction, which
is constant in time throughout the computation in 1D
situation.
For the PIC scheme, the Debye length is adopted as the
size of the cell, where the initial electron temperature is
assumed to be Te = 0.5 keV unless otherwise mentioned.
The particle number per cell for both electrons and ions is
initially not less than 100 in all runs. The computational
domain is sufficiently large, so that no particle and no
electromagnetic field can reach the boundaries during the
simulations.
Figure 1(a) shows the typical time history of the kinetic
energies of electrons Ee and ions Ei converted from the
incident laser energy E0. Each particle has the kinetic
energy ǫ, and Ee (Ei) is the sum of all electrons (ions)
in the simulation box. The initial parameters in this
fiducial model are Bext = 50.1 kT (B˜ext = 3.74) and
I0 = 10
21 W/cm2. During the interaction with the main
pulse (t ∼ 60-90 fs), the electrons gain a large amount
of kinetic energy, and then it is transferred to the ions
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FIG. 1. (Color online) (a) Temporal evolution of plasma kinetic energies in the fiducial model for the electrons Ee (red), ions
Ei (green), and total Ekin = Ee + Ei (black), which are normalized by the incident laser energy E0. The gray area denotes the
interaction duration of the laser with the plasma foil. (b,c) Phase diagram of the position x and momentum in the x direction
px for (b) the electrons and (c) ions, which are taken at the end of calculation t = 1 ps. The color shows the particle number.
The initial location of the target foil is from x = 0 to 1 µm.
gradually through the expansion process seen in Figs.
1(b) and 1(c). The total energy converted to electrons
and ions reaches almost 70% of E0, and which is one order
of magnitude higher than that in the unmagnetized case
(≪ 10%).
Figure 2(a) depicts the energy absorption, which is the
conversion efficiency from the laser to plasmas, evaluated
at the end of calculations in various models with the dif-
ferent field strength Bext and laser intensity I0. It is
obvious that huge enhancement of the energy absorp-
tion takes place near the critical strength Bext ∼ Bc. If
B˜ext <∼ 0.1, the external field makes little difference in
the laser plasma interaction. Note that, for the lower
intensity cases (e.g., I0 = 10
18 W/cm2), the peak is
not exactly at Bc, but always shifted to a slightly larger
strength due to the Doppler effect discussed above. The
deviation estimated from Eq. (3) is B˜res ∼ 1.7 for this
model, which is in good agreement with the numerical
results.
When the laser intensity increases, the resonant ab-
sorption occurs with the wider range of Bext. For the
cases with I0 = 10
21 W/cm2, large absorption is achieved
even when B˜ext ∼ 10. In order to check the ion contri-
bution in the absorption process, simulations with immo-
bile ions were performed which exhibits a similar trend to
the cases with mobile ions [see open marks in Fig. 2(a)].
Therefore, we can conclude that the high absorption with
the wider range of Bext is caused by the cyclotron reso-
nance of electrons with the relativistic effect inferred by
Eq. (5).
It should be emphasized that the same conclusion is
expected for the models with a linearly polarized (LP)
laser [see Fig. 2(b)]. In dense plasmas, a LP light splits
into left-hand (L) CP and RCP lights. Although the
L wave part is reflected at the L cutoff (n˜e = 1 + B˜ext),
the whistler part can propagate into and interact directly
with the plasma. In fact, when the laser polarity in the
fiducial model switches to linear one, the acceleration
by cyclotron resonance is still observed with the simi-
lar manner. But the fractional absorption becomes 33%,
which is just half of the original CP model (63%).
To confirm the broadening of the cyclotron resonance,
we can distinctly observe in Fig. 3 that the enhance-
ment of the energy absorption is realized in the broader
range of the external field Bext with the increase of the
normalized laser intensity a0. For a given a0, we have
performed a number of simulations with different Bext
(e.g., Fig. 2) and have evaluated the upper and lower
values of Bext between which the absorption is above a
threshold defined as ∆Ekin/E0 = 0.1. The numerically
obtained Bupper traces the prediction curve given by Eq.
(5) with a small scattering by factor of about 2. Note
that the dependence of the upper limits on a0 is unaf-
fected qualitatively by the laser polarization and ion mo-
bility, as demonstrated in Fig. 3. It might be better to
estimate a0 in this figure from the amplitude of the trans-
mitted whistler wave, which becomes lower than that of
the incident laser. But here, the difference is neglected
for simplicity.
When the laser intensity is non-relativistic, a0 <∼ 1,
the upper limits has little dependence on a0, and takes
a constant value Bres which is influenced by the Doppler
shift. If the intensity becomes relativistic, a0 >∼ 1, the
upper limits increase in proportion to a0 because of the
relativistic effects. On the other hand, the lower limits
are always aroundBc, unless the relativistic transparency
comes into play as seen at a0 ∼ 100 [33, 34]. Thus the
large conversion efficiency is induced at the broadened
conditions of Bext, which is shown by the gray region in
Fig. 3.
Interestingly, the resonance process can be clearly iden-
tified in the velocity diagram of electrons. The resonance
condition is expressed by using the parallel and perpen-
41018
1019
1020
I0 [W/cm
2] = 1021
← ωce/ω0
(a)
Bext [kT]
∆
E
k
in
/E
0
1010.1
103102101
0.8
0.6
0.4
0.2
0
1018
1019
1020
I0 [W/cm
2] = 1021
← ωce/ω0
(b)
Bext [kT]
∆
E
k
in
/E
0
1010.1
103102101
0.8
0.6
0.4
0.2
0
FIG. 2. (Color online) (a) Energy absorption evaluated by the gain of the total plasma energy ∆Ekin as a function of the
external field strength Bext for the CP laser cases of I0 = 10
21 (black), 1020 (red), 1019 (green), and 1018 W/cm2 (blue). The
critical field strength Bc is indicated by the dotted line. For the purpose of comparison, the results of the ion immobile runs
for I0 = 10
21 and 1020 W/cm2 are also shown by the open squares. (b) The same figure as panel (a) for the LP laser cases.
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FIG. 3. (Color online) Upper limits of the external field
strength Bext (filled circles) for the range where the absorp-
tion rate is enhanced over a threshold value, which are shown
as a function of the normalized intensity of the incident laser
a0. The different colors indicate different model assumptions.
The red and green marks are for the cases with the RCP and
LP laser, respectively. The blue ones are with the RCP laser,
but the ions are assumed to be immobile. The solid curve
shows the theoretical prediction for B˜upper given by Eq. (5)
assuming B˜res = 1.7. The lower limits obtained numerically
are also plotted by the open squares.
dicular velocities, instead of γ, as
β2⊥ = 1− β
2
‖ −
1
B˜2ext
(
1−
β‖
βφ
)2
. (6)
This condition for v‖ and v⊥ appears in the velocity di-
agram as two lines shown in Fig. 4 for the fiducial con-
dition with B˜ext = 3.74. Since the external field is much
larger than Bc, there exists no resonant electrons at the
beginning [Fig. 4(a)].
However, due to the penetration of a whistler wave, the
resonance is triggered by relativistic electrons accelerated
by the laser’s electric field. During the laser interaction,
only the perpendicular velocity increases toward the rel-
ativistic regime, while v‖ is almost unchanged and keeps
the thermal distribution [Fig. 4(b)]. When v⊥ hits the
resonance condition at γ ∼ γres and v‖ ∼ 0, further jump
up of the electron energy starts through the cyclotron
resonance. It is this resonance point indeed that is used
in the derivation of γres [Eq. (4)].
The electron temperature is highly anisotropic at this
phase (T⊥ ≫ T‖), so that the kinetic mirror instability
could be driven [35, 36], resulting in the thermalization
of the electrons. Then finally, high energy conversion is
accomplished at the end of calculation [Fig. 4(c)].
By contrast, the resonant acceleration cannot happen
if the laser intensity is lower. For a model with the in-
tensity I0 = 10
19 W/cm2, the acceleration by the laser
field is not enough to reach the resonance point because
γq < γres [Fig. 4(d)]. That is why there is no enhance-
ment in the absorption efficiency.
Figure 4(e) shows the probability density function for
the electron kinetic energy ǫe in the logarithmic binning
ǫfǫ(ǫ) = fln ǫ(ln ǫ). For the fiducial model, the quiver
kinetic energy, ǫq = (γq − 1)mec
2, can reach the require-
ment for the resonance γres − 1 ≈ 2.7 or ǫe ≈ 1.4 MeV
around the timing of t = 0.05 ps. Immediately after that,
the maximum energy increases suddenly over 100MeV by
the resonant acceleration, which is much larger than the
free-electron ponderomotive limit ǫp = mec
2a20/2 ≈ 60
MeV [37]. This could be happen only when the laser in-
tensity satisfies a0 >∼ γres. The electron heating in the
I0 = 10
19 W/cm2 run is not by much and the energy
of hot-electron component is at most the quiver kinetic
energy ǫq ≈ 0.93 MeV.
Now, we will carefully inspect the trajectories of some
representative electrons in the fiducial run throughout
the laser plasma interaction from t = 0 to 150 fs. Figure
5(a) shows the time evolution of the kinetic energies of
selected four particles. When the transmitted laser light
is propagating inside of the foil as the whistler mode, the
5v ⊥
/c
1
0.5
0
(a)
v ⊥
/c
1
0.5
0
(b)
v ⊥
/c
1
0.5
0
v‖/c
10.50−0.5−1
(c)
105
104
103
102
v‖/c
10.50−0.5−1
(d)
1021010.110−2
108107106105104103102
10−2
10−3
10−4
1
0.1
0.1
t [ps] = 0.05
γ − 1→
(e)
ǫe [eV]
ǫf
ǫ
(ǫ
)
[e
V
]
FIG. 4. (Color online) (a-c) Parallel and perpendicular velocity diagram of electrons, v‖-v⊥, for the fiducial model observed at
(a) t = 0, (b) 0.05, and (c) 0.1 ps. The color denotes the particle number. The cyclotron resonance condition given by Eq. (6)
is shown by the solid and dashed curves. The dotted curve denotes the upper limit of |v| = c. (d) The same figure as panel
(c) for a lower intensity I0 = 10
19 W/cm2. (e) Energy spectrum of electrons ǫfǫ(ǫ) in the fiducial (solid) and lower intensity
models (dashed) taken at t = 0.05 (red) and 0.1 ps (black). The gray curve is the initial Maxwellian spectrum of Te = 0.05
keV. The resonance condition γ >∼ γres is indicated by the gray zone.
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FIG. 5. (Color online) Trajectories of four representative electrons in the fiducial model shown by (a) the time-energy and (b)
position-energy diagrams. The same color in the both panels means the track of an identical particle, which is drawn form
t = 0 [open circles in panel (b)] to 150 fs (filled circles). Gray areas denote (a) the duration of 30 fs when the laser pulse is
hitting the foil target and (b) the initial target location of 1 µm thickness. As a reference, the resonance condition γ = γres
and the quiver energy γ = γq are depicted by the horizontal dashed and dotted lines, respectively.
electrons gain the energy gradually. The perpendicular
velocity is accelerated predominantly by the CP electric
field of the whistler wave. The acceleration up to the
quiver energy γ = γq takes place at almost the same
location, which corresponds to the upward track in the
position-energy diagram of Fig. 5(b).
When the peak energy of an electron is below the reso-
nance condition γ = γres, it loses the energy finally after
the laser pulse is finished. However, if an electron suc-
cessfully gains the energy reaching γ = γres, it can be
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FIG. 6. (Color online) Energy spectrum of ions ǫfǫ(ǫ) in
the fiducial model (black) as well as the different Bext runs
with 20.0 kT (red) and nothing (green). The RCP laser with
I0 = 10
21 W/cm2 is used in these models, and all the spectra
are taken at t = 1 ps. The gray curve is the initial Maxwellian
spectrum of Te = 0.5 keV. The quiver kinetic energy of elec-
trons ǫq and the free-electron ponderomotive limit ǫp are in-
dicated by arrows.
kicked by the cyclotron resonance. Such electrons retain
the gained energy (e.g., the ’red’ trajectory in Fig. 5)
and contribute the net absorption of the laser energy.
It is found that the acceleration beyond the free-
electron ponderomotive limit ǫp commonly happens at
just outside of the front surface of the target. All the su-
perponderomotive electrons follow the exactly same track
in Fig. 5(b) when the energy passes far over the quiver
energy γ = γq. The incident laser is partly reflected
at the surface, so that a CP standing wave is formed
there. Direct acceleration by the static electric field of
the standing wave would be the mechanism to generate
such extreme electrons.
IV. DISCUSSION AND CONCLUSIONS
In summary, we have derived the relativistic condition
of the cyclotron resonance for the interaction of overdense
plasmas with an intense laser under a strong magnetic
field. The condition is benchmarked successfully by 1D
PIC simulations. The energy absorption increases dra-
matically when the external field strength is nearly equal
to the critical value Bc. Furthermore, the cyclotron reso-
nance operates at a wider parameter range when the laser
is highly relativistic, a0 ≫ 1. In the models of a stronger
field than Bc, the cyclotron resonance is allowed for the
relativistic electrons only. On the other hand, the laser
light propagates into overdense plasmas without cutoff
for that cases. With a help of the intense laser field,
such relativistic electrons are injected within the magne-
tized dense plasmas, and they trigger the efficient plasma
heating via the broadened cyclotron resonance.
Ion acceleration is one of the potential applications
[38, 39]. In this study, a large sheath potential is gen-
erated by hot electrons at the both target surfaces. The
maximum ion energy increases through the target normal
sheath acceleration (TNSA) [40] up to the comparable
order of the superponderomotive electrons, ǫi,max ∼ 100
MeV. Since the TNSA is regarded as an energy conver-
sion process from electrons to ions, the maximum ion en-
ergy could have some correlation with the electron energy
[41]. Figure 6 shows the energy spectrum of ions for var-
ious Bext cases. For the case of Bext = 0, the maximum
ion energy is of the order of the quiver kinetic energy of
electrons, that is ǫq ≈ 7.3 MeV for this model. When the
energy absorption by electrons is largely enhanced by the
presence of a strong magnetic field, a significant fraction
of ions is actually accelerated above the maximum energy
in the unmagnetized run.
A good correlation between the maximum ion energy
and the conversion efficiency can be seen in Fig. 7(a).
This is also true for the LP laser cases, unless the J ×B
force becomes dominant at Bext <∼ Bc. For medical ap-
plications, heavy ion acceleration would be an interesting
topic. When a 1 µm-thick carbon target with n˜e = 603
(equivalent to the mass density of diamond ρ = 3.51
g/cm3) is irradiated by a LP laser with I0 = 10
21 W/cm2,
the maximum energy is about 4 MeV/u at the range of
B˜ext ∼ 1-10 [Fig. 7(b)]. Here, the wide resonance range
of Bext is the great advantage for the practical verifica-
tion of this mechanism in future.
Direct plasma heating by electromagnetic waves might
be attractive as an alternative scheme for the ICF.
The systematic study of the propagation properties of
whistler waves in dense plasmas should be a quite impor-
tant next step. It is informative to extend the parameter
space of the density and field strength, and make a chart
like the Clemmow-Mullaly-Allis (CMA) diagram for the
laser plasma interaction. Figure 8 is an example for the
cases of the RCP laser with I0 = 10
19 W/cm2. The spots
of high absorption trace the lines of the R cutoff and cy-
clotron resonance. Obviously the behavior of underdense
plasmas is also affected by the external field, especially
around Bext ∼ Bc. When Bext < Bc, the laser light can-
not enter the target if the density is higher than the R
cutoff, and then it is mostly reflected at the surface.
In principle, the whistler waves can propagate into any
density if Bext > Bc, and deliver the energy directly
to dense plasmas without going through hot electrons.
This feature suggests a totally different way of the use of
strong magnetic fields in the ICF plasmas from the previ-
ous work [17–20]. However the high absorption becomes
an obstacle in terms of the propagation. In other words,
the laser transmittance will be reduced by the amount
of the energy absorption. The upper half of Fig. 8(a),
where Bext > Bc, shows that the energy absorption is
larger when the density ne is larger and Bext is closer to
Bc. But this feature disappears cleanly if the ion mo-
tion is inhibited, meaning that ion acoustic waves driven
by the Brillouin instability [42] would play an important
role for the high energy conversion there. The direct ion
heating by whistler waves will be discussed in detail in
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the subsequent paper.
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